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In the present paper, we have calculated the energy spectra for neutron rich 18−22N isotopes
using no core shell model (NCSM). To calculate the energy spectrum we have used three different
NN potentials, inside non-local outside Yukawa (INOY), next-to-next-to-next-leading order (N3LO)
from chiral effective field theory and charge-dependent Bonn 2000 (CDB2K). The INOY potential,
which is a two body interaction but also have the effect of three body forces by short range and
non local character present in it. The calculations have been done at ~Ω=20 MeV, 14 MeV and
12 MeV using INOY, N3LO and CDB2K potentials, respectively. Apart from this, we have also
performed shell model calculations with the YSOX interaction. The results with INOY interaction
show good agreement with the experimental data in comparison to other three interactions. We
have also shown the occupancy of different orbitals involved corresponding to the largest model
space (Nmax= 4) in the present calculations.
PACS numbers: 21.60.Cs, 21.30.Fe, 21.10.Dr, 27.20.+n, 27.30.+t
I. INTRODUCTION
In nuclear physics, solving many body problem from
first principle is computationally hard. But now a days,
an advancement in computational facility made it possi-
ble. There are many ab initio methods available to study
nuclear properties. The no core shell model [1–4] is one
of them. At present NCSM is well established technique
used in nuclear physics to calculate nuclear properties.
Here, we solve A-body Schro¨dinger equation for the par-
ticles treated as non relativistically and interacted by re-
alistic two body forces. With the NCSM, a detailed study
has been done for even carbon isotopes where ground
state energy, quadruple moment of 2+1 state, some B(E2)
transitions and occupancies of 0+1 and 2
+
1 are calculated
[5] using INOY [6, 7] and CDB2K [8] interactions.
In the present work we will study the nitrogen isotopes
and mainly focused on neutron rich side. The structure of
neutron rich nuclei 19−22N has been studied by in-beam
γ-ray spectroscopy and spectra and other properties are
compared with shell model calculations using WBT and
WBTM interactions, where N = 14 closed sub shell is
discussed [9]. The 22N has halo structure in its ground
state [10, 11]. Recently, the point proton radii of neutron
rich 17−22N isotopes have been measured from charge
changing cross section in Ref. [12]. More recently, Yuan
and Suzuki et al , have done systematic study of B to O
isotopes with a interaction YSOX which include (0-3) ~Ω
excitations [13] in full psd model space. To the best of
our knowledge for the first time we have done systematic
NCSM calculations for nitrogen isotopes.
The present paper is organized as follows: In Sec. II,
the theory and formalism of NCSM is given, In Secs. III
and IV, we have discussed about effective interactions
which are used in calculations and details of the calcula-
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tions, respectively. The results and discussions part is in
Sec. V and in the end we conclude the paper in Sec. VI.
II. NO CORE SHELL MODEL FORMALISM
The starting A-body Hamiltonian is given by:
HA = Trel + V =
1
A
A∑
i<j
(~pi − ~pj)
2
2m
+
A∑
i<j
VNN,ij (1)
Trel is the relative kinetic energy. The momenta of
the individual nucleons are given by pi (i=1,.....A). The
nucleon mass is given by m. In the present work we
have dealt with the two body part only. The VNN,ij
is the NN interaction having nuclear and Coulomb part
both. Next, we divide the A-nucleon infinite HO basis
space into finite active space (P ) having all states of up
to Nmax HO excitations above the unperturbed ground
state and an excluded space (Q = 1− P ).
We add the center-of-mass (c.m.) harmonic oscilla-
tor (HO) Hamiltonian Hc.m.(= Tc.m. + Uc.m., Uc.m. =
1
2
AmΩ2 ~R2, ~R = ( 1A )
∑A
i=1 ~ri.) to Eq. 1. As we use slater
determinant basis, the Lawson Projection term [14] is
added to shift the spurious states (arises from the incor-
rect treatment of the centre-of-mass motion) to the Eq.
1. The Hamiltonian used in final calculations is given by:
HΩA,eff = P
{
A∑
i=1
[
(~pi − ~pj)
2
2mA
+
mΩ2
2A
(~ri − ~rj)
2 + V Ω,Aij,eff
]
+β
(
Hc.m. −
3
2
~Ω
)}
P.(2)
Where β is a parameter which is equal to 10.0 in the
present calculations. The Eq. 2 is a Hamiltonian which
we get after applying unitary transformation because we
are not using soft interactions (to soften the potential
with the purpose of simplifying many-body calculations,
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FIG. 1: The variation of g. s. energy with different frequen-
cies and different model space sizes.
these interactions are obtained by applying the unitary
transformation to the two-nucleon system in momentum
space with a regulator). So, we need a renormalization
scheme to soften the interactions. Here, we use Okubo-
Lee-Suzuki (OLS) scheme [15–17]. Now, we get an ef-
fective Hamiltonian which is in A- body space. In our
calculations we have done NCSM calculations with the
renormalized interactions keeping up to two-body clus-
ter terms.
In the present paper, for the NCSM calculations, we
have used the pAntoine [18, 19] shell model code which is
adapted to NCSM [20]. In the case of 22N, for the largest
model space Nmax= 4, the corresponding dimension is
∼ 6.4× 107. We have compared the NCSM results with
the shell model calculations using YSOX interaction. For
shell model calculations we have used KSHELL code [21].
III. EFFECTIVE NN INTERACTION
In the present work we have studied the neutron rich
nitrogen isotopes with the three different NN interac-
tions: INOY, CDB2K and N3LO [22–24]. The magni-
tude of higher body forces decreases as we go from two
body to higher body but still they are important to study
some properties of nuclei for e.g. the drip-line in oxygen
isotopes can be explained only with the inclusion of three
body forces [25]. In the INOY potential, a non-local po-
tential in coordinate space, is a mixture of local and non-
local parts. The behaviour of INOY is local Yukawa tail
at longer ranges (> 3 fm) and non-local at short range.
The form of INOYNN interaction is given in Refs. [6, 7].
This interaction reproduces the 3H and 3He binding en-
ergy accurately and results are in agreement with the ex-
perimental data without adding 3N force. The CDB2K
interaction is also nonlocal interaction and charge depen-
dent. The charge dependency is introduced due to pion
mass splitting. This potential fits the p-p data below 350
MeV which was available in the year 2000. The N3LO
interaction is from chiral effective field theory. Here, we
use only NN part.
IV. DETAILS OF THE CALCULATIONS
In the present work we perform calculations for nitro-
gen isotopes. As we know NCSM calculations are varia-
tional, depend on HO frequency ~Ω and size of the model
space Nmax. To see this dependence, we have calculated
the g.s. energy with different Nmax and ~Ω, see Fig.
1. We are interested to see that region in which the de-
pendence of g.s. energy on frequency is minimum (for
largest model space). We select that frequency for our
NCSM calculations. This procedure is called optimiza-
tion of frequency. When we use this frequency, we get
faster convergence ( computational time will be smaller)
rather than other values of frequencies. This is the bene-
fit for doing optimization of frequency. So, we have done
our calculations with frequency ~Ω= 20 MeV. For the
other interactions we have chosen the frequency from the
literature which is suitable in this mass region. We have
chosen the frequency ~Ω=20 MeV for INOY and ~Ω=14
MeV for N3LO interaction [2]. In the case of CDB2K,
we have taken ~Ω=12 MeV [5].
V. RESULTS AND DISCUSSIONS
We have done calculations using INOY at ~Ω= 20
MeV, CDB2K and N3LO interactions at 12 and 14 MeV,
respectively. We have also compared our INOY results
at ~Ω= 22 MeV. The energy spectra are shown in Figs. 2
and 3. In the case of 18N, the g.s. is correctly reproduced
by INOY NN and YSOX interaction, while other two in-
teractions give 2− as a g.s. The order of energy states
are correct with the INOY (~Ω=20 MeV) and YSOX
only. The calculated 1−2 state is at higher energy (> 2.5
MeV) with INOY interaction (except forNmax = 0). The
NCSM results for Nmax = 4 with INOY (~Ω=22 MeV)
are compressed in comparison to the CDB2K interaction.
For 20N, the results with the INOY (~Ω=22 MeV) in-
teraction are better than other interactions. Although
the g.s. is correctly reproduced by all the three inter-
actions but the higher states are not in agreement with
the N3LO and CDB2K interactions. The first 3− state is
close to the experimental data with INOY (~Ω=20 MeV)
and 1− is close to experimental data with INOY (~Ω=22
MeV).
In the case of 22N, only INOY interaction can repro-
duce the correct g.s. 0− and level ordering with both
the frequencies. All the other interactions are not able
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FIG. 2: The energy spectra of 18,20,22N with different model space sizes. The experimental data is taken from Refs. [26, 27].
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FIG. 3: The energy spectra of 19,21N with different model space sizes. The experimental data is taken from Ref. [26].
to produce correct g.s. and level ordering of the energy
states.
In the case of 19N, INOY (~Ω=20 MeV) and the other
interactions reproduce the correct g.s. 1/2−, though,
all the states are not yet been confirmed experimentally.
The g.s. and first two excited states are very compressed
with the INOY at both the frequencies in comparison to
the other interactions. The N3LO interaction gives the
energy states better and level ordering is correct with the
experimental one. Overall the INOY interaction gives
compressed energy levels.
For 21N, the g.s. is correctly reproduced. Higher states
are not yet been confirmed experimentally. All the inter-
actions give first excited state as 3/2−. Similarly, the
second excited state seems to be 5/2−. For higher states,
we are not sure for spin prediction. So, from our NCSM
calculations it is clear that INOY interaction which has
the effect of three body forces is suitable to study the neu-
tron rich nitrogen isotopes. The inclusion of 3N forces is
important to reproduce correct spectra with CDB2K and
N3LO interactions.
In Fig. 4, we have shown the occupancy of first two
states of nitrogen isotopes with the INOY (~Ω=20 MeV),
CDB2K, and N3LO interactions correspond to Nmax= 4
model space size. For Nmax= 4, we have taken 28 or-
bitals. Here, we have shown the occupancy up to fp
space because the occupancy of higher orbitals are very
small to visualize. Although, the magnitudes of occu-
pancies of higher orbitals are very small, still they are
important in the calculation. The contribution of neu-
tron occupancy from 0d3/2 and 1s1/2 orbitals for CDB2K
and N3LO interaction is larger in comparison to INOY
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FIG. 4: The occupancy of different orbits for nitrogen isotopes
using INOY, N3LO and CDB2K interaction.
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TABLE I: The g.s. energies (in MeV) for nitrogen isotopes
using YSOX, INOY (~Ω=20 MeV), N3LO (~Ω=14 MeV), and
CDB2K (~Ω=12 MeV) interactions.
Nucleus EXP YSOX INOY N3LO CDB2K
18N -126.695 -127.344 -121.782 -112.036 -102.979
19N -132.025 -133.083 -125.471 -117.084 -107.616
20N -134.180 -134.556 -128.788 -119.857 -109.921
21N -138.768 -139.637 -133.702 -124.769 -114.278
22N -140.052 -140.657 -136.560 -127.114 -116.052
interaction. This larger occupancy is also reflected in the
energy spectra. The CDB2K and N3LO results are sim-
ilar for the g.s. spin and first excited state, however the
occupancies for INOY interaction is different and for this
interaction we are getting results which differ from other
two interactions. In Fig. 5, the calculated g.s. energy
for 18−22N isotopes using INOY and YSOX interactions
follow the same trend as the experimental data. The g.s.
energy for nitrogen isotopes with the other interactions
are given in the Table I in which results with N3LO and
CDB2K are very far from the experimental data. If we
go to higher Nmax, the results will come closer to the
experimental g.s. energies.
VI. CONCLUSIONS
In the present work, we have performed NCSM cal-
culations with different interactions (INOY, N3LO and
CDB2K) for neutron rich nitrogen isotopes. We have
also compared our NCSM results with recently devel-
oped YSOX interaction for psd space from the Tokyo
6group. In 18N, the INOY and YSOX interaction predict
second excited state as 2−. For 20N, the results of INOY
(~Ω=22 MeV) interaction are better than YSOX inter-
action. For 22N, the INOY results for ground and first
excited states are better than YSOX interaction. The
N3LO and CDB2K interactions are unable to predict
correct ground state. For 19N, the NCSM results with
N3LO are much better.
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